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Abstract
It is shown that the category of presheaves of symmetric spectra on a small Grothendieck site
C admits a proper closed simplicial model structure so that the associated homotopy category
is adjoint equivalent to the stable category associated to presheaves of spectra on C. c© 2000
Elsevier Science B.V. All rights reserved.
MSC: Primary 55P42; secondary 55U35; 18F20
1. Introduction
The main theorems of the Hovey{Shipley{Smith paper [4] say that there is a proper
closed simplicial model category structure on the category Spt of symmetric spectra,
and that the associated homotopy category Ho(Spt) is equivalent to the stable cate-
gory. This paper shows how to generalize these results to the category PreSpt(C) of
presheaves of symmetric spectra on an arbitrary small Grothendieck site C.
The results of this paper give an underlying symmetric monoidal model for the stable
category of presheaves of spectra. We therefore have a foundation for the discussion of
higher associativities and symmetries of the smash product for presheaves and sheaves
of spectra in a wide array of algebraic geometric and topological settings.
The reader will observe that the new ideas from [4] (injective objects, stable equiva-
lences and stable brations for symmetric spectra) have natural analogs in the presheaf
context, and the gross outline of proof coincides with that given here up to reordering.
The main results of this paper imply the corresponding statements in [4]. The results
and techniques given here are fundamental for paper [6] on symmetric spectrum objects
in the Morel{Voevodsky stable category.
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2. Results
Recall from [4] that Spt is complete and cocomplete, with limits and colimits
formed levelwise as in the category S of pointed simplicial sets. Recall further that
Kan’s Ex1 functor prolongs to the category of symmetric spectra, so that there is a
natural map X : X !Ex1X for X 2 Spt, such that X is a level weak equivalence,
and the symmetric spectrum Ex1X is a level Kan complex.
Suppose that C is a small Grothendieck site, and that  is an innite cardinal. Recall
[2] that a simplicial presheaf X on C is said to be -bounded if  is an upper bound
on the cardinality of all sets of sections of X in the sense that jXn(U )j   for all
n 0 and all objects U of C. A presheaf Y of symmetric spectra is -bounded if it is
-bounded in all levels.
I shall write sE for the class of morphisms f :X !Y of PreSpt(C) which are level
weak equivalences in the sense that the induced maps f :Xn!Yn are local weak equiv-
alences of simplicial presheaves for n 0. A level cobration is a map g : A!B of
PreSpt(C) such that the maps g : An!Bn are all cobrations (aka. monomorphisms)
of simplicial presheaves. An sE-trivial level cobration is a morphism of presheaves
of symmetric spectra which is both a level weak equivalence and a level cobration.
A pointwise level equivalence is a map f : X !Y of presheaves of spectra such that
all induced maps of simplicial sets f : Xn(U )!Yn(U ); U 2 C, are weak equivalences.
Lemma 1. Suppose that C is a small Grothendieck site. Then the following state-
ments hold for the class sE of level weak equivalences and the class of level cobra-
tions of presheaves of symmetric spectra on the site C:
sE1. The class of morphisms sE is closed under retracts.
sE2. Given a composable pair of morphisms
X
f!Y g!Z;
if any two of f; g and gf are in the class sE; then so is the third.
sE3. Every pointwise level equivalence is in sE.
sE4. The class of sE-trivial level cobrations is closed under pushout.
sE5. Suppose that  is a limit ordinal; and there is a functor X : ! PreSpt(C)
such that for each morphism i  j of ; the induced map X (i)!X (j) is an sE-trivial
level cobration. Then the canonical maps
X (i)
i! lim!
j2
X (j)
are sE-trivial level cobrations.
sE6. Suppose that the morphisms fi :Xi!Yi are sE-trivial level cobrations for
i 2 I . Then the morphism_
i2I
fi :
_
i2I
Xi!
_
i2I
Yi:
is an E-trivial level cobration.
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sE7. There is an innite cardinal  which is at least as large as the cardinality of
the set of morphisms of C; such that for every diagram
of maps of presheaves of spectra with i a sE-trivial level cobration; and A -bounded;
there is an -bounded subobject BY such that AB; and such that the inclusion
B \ X ,! B is an sE-trivial level cobration.
Proof. The only statement that requires proof is sE7 { the rest are consequences
of standard properties of cobrations and local weak equivalences of presheaves of
simplicial sets.
The proof of sE7 uses a fundamental construction from [2] (see Lemma 2:3, Remark
2:5): Kan’s Ex1-construction determines a natural diagram
such that the horizontal maps are pointwise level weak equivalences. The objects Ex1X
and Ex1Y are Kan complexes in all sections and levels, and so the standard method
of replacing a map by a Kan bration determines a functorial factorization
in which if is a pointwise weak equivalence in all levels and pf is a pointwise Kan
bration in all levels. Pulling back pf along Y determines a factorization
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of the original map f such that pf is a pointwise Kan bration and if is a pointwise
weak equivalence in all levels. It follows that f is a level weak equivalence if and
only if pf is a locally trivial bration in all levels, or that pf has the local right
lifting property with respect to all inclusions @n ,! n in all levels. Note further that
the functor f 7! pf preserves colimits.
Let  be an innite cardinal which is an upper bound for the cardinality of the set
of morphisms of the site C.
Suppose given morphisms of symmetric spectra
where i is a level cobration and a level weak equivalence, and A is -bounded.
Write pB : ZB!B for the pointwise Kan bration pprB :ZprB!B associated to the
projection map prB :BY X !B for BY by the process described above. In particular,
pY :ZY !Y is the pointwise bration associated to the map j : X !Y .
Then the level pointwise bration pY is a level weak equivalence, and it therefore
has the local right lifting property with respect to all maps @n ,! n in all levels.
This means that for any U 2 C and diagram of simplicial set maps
(1)
there is a covering seive R homC( ; U ) such that there is a lifting
after renement along any morphism  :V !U in R. The object Y is a ltered colimit
of its -bounded subobjects B so that ZY is a union of the corresponding subobjects
ZB, and there are at most  diagrams of form (1). It follows that there is an -bounded
subobject A1 with AA1Y such that any lifting problem (1) is solved locally over
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A1 in the sense that there is a covering seive R and a commutative diagram
for any  :V !U in R.
This construction can be repeated inductively, yielding a sequence of -bounded
subobjects
AA1A2   
of Y such that any lifting problem
has a local solution over Ai+1. It follows that the object A1 =
S
i Ai is an -bounded
subobject of Y containing A, and the map pA1 :ZA1!Y is a local bration and weak
equivalence of simplicial presheaves in all levels.
For a pointed simplicial set K , write
K ⊗ n =
_
2n
K:
In the language of [4], K ⊗n, concentrated at level n, is the free symmetric sequence
GnK . Also, FnK = S ⊗ GnK is the free symmetric spectrum on K in level n, in the
sense that there is a natural isomorphism
homSpt(FnK; Y ) = homS(K; Yn):
The object FnK is dened at level p by
(FnK)p =
 
Sp−n ^
 _
2n
K
!!
⊗p−nn p:
In particular, one sees directly that any cobration (respectively weak equivalence)
i : K ,! L induces a level cobration (respectively level weak equivalence) i :
FnK!FnL. Analogous observations hold at the presheaf level: any cobration (respec-
tively local weak equivalence) i : A ,! B of simplicial presheaves induces levelwise
cobration (respectively local weak equivalence) i : FnA+!FnB+ of presheaves of
symmetric spectra. Recall that the notation A+ means A with a disjoint base point
attached.
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Say that an injective bration is a morphism of PreSpt(C) which has the right
lifting property with respect to all maps which are simultaneously level cobrations
and level (local) weak equivalences. In view of the previous paragraph, any injective
bration is a global bration of simplicial presheaves in all levels.
Note further that the category PreSpt(C) has a simplicial structure, with function
complexes hom(X; Y ) given by
hom(X; Y )n = hom(X ^ n+; Y ):
The following statement is generally a consequence of Lemma 1 in exactly the same
way that Theorems 1:1 and 3:5 are deduced from the corresponding sets of axioms
in [2]:
Theorem 2. Let C be a small Grothendieck site. Then the category PreSpt(C) of
presheaves of symmetric spectra; together with the classes of level cobrations; level
weak equivalences and injective brations as dened above; satises the axioms for
a proper closed simplicial model category.
Proof. For the parts of the proof not covered by Lemma 1, axiom SM7 is a con-
sequence of the corresponding result for simplicial presheaves, as is the properness
assertion.
In the notation of [4], there is a functor U : Spt!Spt which forgets the symmetric
group actions. In other words, UX n = Xn with bonding maps S1 ^ Xn!Xn+1 given by
the obvious maps in the symmetric spectrum structure for X . The functor U has a left
adjoint V : Spt!Spt which is determined by the assignment
V (1K[n]) = Fn(K)
for pointed simplicial sets K . More generally, a spectrum X is a natural ltered colimit
X = lim!
n
LnX
of its layers, where LnX has spaces
X 0; X 1; : : : ; X n; S1 ^ X n; S2 ^ X n; : : : :
There are natural pushouts
(2)
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and so it follows that VX may be described by the assignment VX = lim!n VLnX ,
together with pushouts
Recall that Bouseld and Friedlander [1] dene a cobration of spectra to be a map
i : A!B such that the map i : A0!B0 is a cobration of pointed simplicial sets in
level 0, as are all maps
S1 ^ Bn
[
S1^An
An+1!Bn+1:
A cobration of presheaves of spectra j : X !Y (see, for example, [5]) is the presheaf
analogue: the map i : X 0!Y 0 and all maps
S1 ^ Y n
[
S1^X n
X n+1!Y n+1
should be cobrations of pointed simplicial presheaves.
Lemma 3. Suppose that i : A!B is a cobration of spectra. Then the induced
morphism i : VA!VB is a level cobration of symmetric spectra.
Proof. The map i : V1A0!V1B0 is a levelwise cobration of symmetric spectra
by the discussion above. Assume that i : VLnA!VLnB is a levelwise cobration of
symmetric spectra.
Recall that levelwise cobrations of symmetric spectra are closed under pushout.
There is a commutative cube arising from comparing the instance of (2) for A to
that of B along the cobration i (the reader should draw this cube to see the various
pushouts described below). One of its faces bounds a diagram
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in which the inner square is a pushout and the map  is induced by a cobration
 : PO1!Bn+1, since i is a cobration of spectra. Form the pushout
Then the induced diagram
is a pushout, so that the induced map i1 : VLn+1A!VPO2 is a levelwise cobration
of symmetric spectra by the inductive assumption. The diagram
is also a pushout in Spt, so that the map V0 : VPO2!VLn+1B is a level cobration
of Spt.
The map i : Ln+1A!Ln+1B has a factorization
and hence induces a level cobration i :VLn+1A!VLn+1B. The map i :VA!VB
is a ltered colimit of level cobrations i :VLnA!VLnB, and is therefore a level
cobration.
Let K be a pointed simplicial set. Then (in the notation of [4]) there is a natural
isomorphism of spectra
(UW )K = U (WK):
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It follows that there is a simplicial adjunction isomorphism
hom(VA;W ) = hom(A;UW )
valid for all presheaves of spectra A and presheaves of symmetric spectra W .
A map p : X !Y of presheaves of symmetric spectra is said to be a stable bration
if the underlying map p : UX !UY of presheaves of spectra is a stable bration in
the usual sense [5]. This means that p should have the right lifting property with
respect to all maps which are simultaneously cobrations and stable equivalences of
presheaves of spectra; this denition is an analogue of the denition of stable bration
of spectrum originally given in [1].
Lemma 4. Every map f : X !Y of presheaves of symmetric spectra has a natural
factorization
(3)
such that p is a stable bration; and j is a level cobration which has the left lifting
property with respect to all stable brations and induces a trivial bration
j : hom(Z;W )! hom(X;W )
for each stably brant object W.
Proof. Suppose that the innite cardinal  is an upper bound for the size of the set
of morphisms of the site C. Note that if A is an -bounded presheaf of spectra on C,
then the associated presheaf of symmetric spectra VA is -bounded as well.
A map f is a stable bration if and only if it has the right lifting property with
respect to the set of maps Vi : VA!VB arising from the -bounded stably triv-
ial cobrations i : A!B of presheaves of spectra (see [2, proof of Theorem 3:7]).
A transnite small object argument of size > 2 for liftings by all maps Vi produces
a factorization as in (3), such that the map j is a level cobration (by Lemma 3)
which has the left lifting property with respect to all stable brations. Each of the
maps Vi : VA!VB induces a trivial bration
(Vi) : hom(VB;W )! hom(VA;W )
for each stably brant object W , so the map
j : hom(Z;W )! hom(X;W )
is a trivial bration for each stably brant W .
In particular Z is a ltered colimit lim!t< Zt of subobjects Zt , and any map
VA!Z dened for some -bounded presheaf of spectra A must factor through one
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of the subobjects Zt , for otherwise the -bounded object VA would have too many
subobjects. It follows that the map p : Z!Y is a stable bration.
It follows from Theorem 2 and Lemma 4 that any morphism f :X !Y of presheaves
of symmetric spectra may be successively factored
where
(1) i1 is a level cobration which has the left lifting property with respect to all
stable brations and induces a trivial bration hom(Xs;W )! hom(X;W ) for each stably
brant W , and p1 is a stable bration;
(2) i2 is a level cobration and a level weak equivalence, and p2 is an injective
bration.
In particular, Up2 is a strict bration, which is strictly equivalent to the stable bra-
tion Up1, so that p2 is a stable bration as well as an injective bration of presheaves
of symmetric spectra. By specializing to Y = , we obtain a natural construction
X i1−!Xs i2−!Xsi (4)
of an injective stably brant \model" Xsi for a given presheaf of symmetric spectra X .
Say that a map f : X !Y of PreSpt(C) is a stable weak equivalence if it induces
a weak equivalence of Kan complexes
f : hom(Y;W )! hom(X;W )
for each injective stably brant object W .
Observe that the maps i1 and i2 in (4) are both stable weak equivalences by con-
struction. In particular, we can show:
Lemma 5. Suppose that the objects X and Y are stably brant and injective. Then
a map f : X !Y is a stable weak equivalence if and only if it is a level weak
equivalence.
Proof. The map
hom(Y; X )
f! hom(X; X )
is a weak equivalence of Kan complexes, so there is a map g : Y !X such that the
composite gf is simplicially homotopic to 1X . Also h1f ’ h2f for maps hi : Y !Y
implies that h1 ’ h2. Thus fgf ’ f implies that the composite fg is simplicially
homotopic to 1Y . The map f is therefore a level weak equivalence, since any homotopy
equivalence between cobrant, brant objects in a closed simplicial model category
must be a weak equivalence (see [3, II.1]).
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The converse is clear.
Corollary 6. Suppose that X and Y are stably brant objects of PreSpt(C). Then
a map f : X !Y is a stable equivalence if and only if it is a level equivalence.
Suppose that Z is a symmetric spectrum and that K is a pointed simplicial set. The
symmetric spectrum ZK = hom(K; Z) is dened in levels by
hom(K; Z)n = hom(K; Zn):
The structure map
Sp ^ hom(K; Zn) −! hom(K; Zp+n)
is the unique pointed simplicial set map making the diagram
commute, where ev is the evaluation map wherever it appears. This construction is
natural in K and Z , and there are natural isomorphisms
hom(K ^ L; Z) = hom(K; hom(L; Z))
for all pointed simplicial sets K; L, and symmetric spectra Z .
Dene a natural shift operator Z 7! Z[1] for symmetric spectra Z by setting
Z[1]m=Z1+m, where  2 m acts on Z[1]m as 1 2 m+1. In other words, 1(1)=1
and
1 (i) = 1 + (i − 1)
for i> 1. The structure map  : Sp ^Z[1]m!Z[1]p+m is dened to be the composite
Sp ^ Z1+m −!Zp+1+m
c(p;1)1−−−−!Z1+p+m;
where c(p; 1) 2 p+1 is the cyclic permutation of order p+ 1. One checks that  is
pm-equivariant. Dene the shifted spectrum Z[s] inductively by Z[s]=Z[s−1][1],
or directly.
The standard maps  : Zn! hom(S1; Z1+n) which are adjoint to the composites
Zn ^ S1 −! S1 ^ Zn −!Z1+n
together determine a natural map of symmetric spectra
 : Z! hom(S1; Z[1]) = hom(S1; Z)[1]:
Write 
Z[1] = hom(S1; Z)[1] to make the notation easier to deal with.
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Suppose now that Z is a symmetric spectrum which is a levelwise Kan complex.
Flipping loop factors denes a natural isomorphism
 : 
2Z[2]!
2Z[2]
and there is an isomorphism (1; 2) :Z[2]!Z[2] which consists of maps (1; 2) : Z2+n!
Z2+n induced by transposition (1; 2) 2 n+2. Write ~ for the bonding maps of 
Z[1].
Then one can show that there is a natural commutative diagram
in Spt which translates into a diagram
(5)
on the space level.
Remark 7. The form of the shift functor Z 7! Z[1] was chosen to make the map  :
Z!
Z[1] easy to dene. The object Z[1], nevertheless, coincides up to isomorphism
with the shift Z(1)=HomS(F1S0; X ) given in Remark 2:2:12 of [4]. Explicitly, Z(1)n =
Zn+1, and  2 n acts on Zn+1 as the permutation 1. The cyclic permutation c(1; n) 2
n+1 which moves 1 to n + 1 denes an isomorphism c(1; n) : Z1+n = Zn+1, and the
collection of all such permutations denes a natural isomorphism c : Z[1] = Z(1):
Suppose that Z is a symmetric spectrum which is a Kan complex in all levels, and
dene the symmetric spectrum QZ to be the ltered colimit of the system
Z −!
Z[1] ~−!
2Z[2] ~~−!   : (6)
The symmetric spectrum QZ is related to the ordinary stablization Q(UZ) of the
underlying spectrum UZ by the following result:
Lemma 8. Suppose that Z is a symmetric spectrum which is a Kan complex in all
levels. Then there is a natural isomorphism
QZn = Q(UZ)n:
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Proof. To extend the notation for the bonding map ~ of 
Z[1] given above, write
(n) = ](n−1) : 
nZ[n]!
n+1Z[n+ 1];
so that ~ = 
(1)
 and ~~ = 
(2)
 in sequence [6]. Repeated instances of diagram [5]
paste together to give a natural commutative diagram
where k+1 is a composite of instances of the isomorphisms 
i and (1; 2).
Now suppose given natural isomorphisms i : 
iZn+i!
iZn+i such that the diagram
commutes, and all isomorphisms i are compositions of isomorphisms of the form 
j
or (i; i + 1). In particular, presume that 2 = (1; 2) : 
2Zn+2!
2Zn+2. Then the
isomorphism 
j commutes with 
k : 
kZn+k!
k+1Zn+k+1, and
(i; i + 1) = (i + 1; i + 2);
so there is an isomorphism k+1 composed of maps 

j and transpositions (i; i+ 1)
such that the diagram
commutes. Then k+1 is dened by setting k+1 = k+1k+1.
Remark 9. The stable homotopy groups of UZ coincide up to isomorphism with level
homotopy groups of QZ by Lemma 8, but do not coincide with the stable homotopy
groups of QZ .
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In eect, the map  : Z!
Z[1] is a level weak equivalence if Z is stably -
brant, but  is not a stable equivalence of symmetric spectra in general. Je Smith
provides the following counterexample: the shifted symmetric spectrum F1(S0)[1] is
isomorphic to the wedge S _ F1(S1), and is therefore stably equivalent to S _ S. If
 : F1(S0)!
(F1(S0))[1] were a stable equivalence of Spt after taking suitable
injective models, then its adjoint
S1 ^ F1(S0)!F1(S0)[1]
would be a stable equivalence in Spt of the sphere spectrum S with the wedge S _S.
Formally, there is a natural map c : QX ^K!Q(X ^K) which ts into a natural
commutative diagram
for all symmetric spectra X and pointed simplicial sets K . It follows that the functor
Q prolongs to a simplicial functor
Q : hom(X; Y )! hom(QX;QY ):
Lemma 10. Suppose that f : X !Y is a map of presheaves of symmetric spectra
such that Uf : UX !UY is a stable equivalence of presheaves of spectra. Then f is
a stable weak equivalence of PreSpt(C).
Proof. We can assume that X and Y are presheaves of Kan complexes in all levels.
If W is a stably brant injective object, then the canonical map W : W !QW is a
level equivalence, and hence induces a weak equivalence
W : hom(Q
W;W )! hom(W;W ):
It follows that there is a map gW : QW !W such that the composite gW W is
simplicially homotopic to the identity 1W on W .
The composite
hom(X;W )
Q−! hom(QX;QW ) gW−! hom(QX;W ) 

X−! hom(X;W )
is induced by composition with gW W , and is therefore homotopic to the identity on
hom(X;W ). The composition and the homotopy are natural in X . Thus if f :X !Y
induces a stable equivalence Uf :UX !UY , then the induced map Qf : QX !QY
is a level equivalence, and so the maps
Qf : hom(QY;W )! hom(QX;W )
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and
f : hom(Y;W )! hom(X;W )
are weak equivalences of pointed simplicial sets.
Corollary 11. Suppose that p : X !Y is a map of presheaves of symmetric spectra
which is both a stable bration and a stable weak equivalence. Then p is a level
equivalence.
Proof. Let F denote the bre of p, and let Cp be the homotopy cobre. The induced
map jp :F^S1!Cp induces a stable equivalence Ujp : U (F^S1)!UCp of presheaves
of spectra, so that jp is a stable weak equivalence of presheaves of symmetric spectra
by Lemma 10. The bre sequences
hom(Cp;W )! hom(Y;W ) p

!’ hom(X;W )
arising from injective stably brant objects W show that the map Cp! is a stable
weak equivalence. The map F! is therefore a stable weak equivalence of stably
brant objects by Lemma 16, so that F! is a level equivalence by Corollary 6. The
stable bration p : X !Y is therefore a level equivalence.
Say that a map i : A!B of PreSpt(C) is a stable cobration if it has the left
lifting property with respect to all morphisms p : X !Y which are simultaneously
stable brations and stable weak equivalences. In view of Corollary 11, the maps
Fn(A+)!Fn(LUr+)
induced by the inclusions ALUr are stable cobrations for all r and objects U 2 C.
Here, LU denotes the left adjoint to the U -sections functor.
Theorem 12. Suppose that C is a small Grothendieck site. Then the category
PreSpt(C) of presheaves of symmetric spectra on C; and the classes of stable weak
equivalences; stable brations and stable cobrations specied above; together satisfy
the axioms for a proper closed simplicial model category.
Proof. On account of Lemma 4, every map f :X !Y of presheaves of symmetric
spectra has a factorization
(7)
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such that p is a stable bration, and j has the left lifting property with respect to
all stable brations and induces trivial brations j : hom(Z;W )! hom(X;W ) for all
stably brant objects W . In particular, j is a stable weak equivalence. The map j is a
level cobration, by Lemma 3.
A transnite small object argument says that f : X !Y has a factorization
(8)
such that i has the left lifting property with respect to all maps which are simultaneously
level brations and level weak equivalences, and q has the right lifting property with
respect to all morphisms
Fn(A+)!Fn(LUr+)
corresponding to cobrations A ,! LUn of simplicial presheaves for all n and objects
U 2 C. In particular, q is a levelwise trivial bration, so that Uq is a stable bration as
well as a strict weak equivalence of presheaves of spectra. Thus, q is a stable bration
and a stable weak equivalence. The map i has the left lifting property with respect to
all maps which are stable brations and stable weak equivalences by Corollary 11, so
that i is a stable cobration. It is a consequence of the small object argument that the
map i is a level cobration.
The factorization axiom CM5 has therefore been demonstrated. The existence of
factorization [7] implies that every map which is a stable cobration and a stable weak
equivalence has the left lifting property with respect to all stable brations and is
a level cobration, by a standard argument. We have proved CM4, and the axioms
CM1{CM3 are obvious.
If i : K ,! L is an inclusion of simplicial sets and p : X !Y is a stable bration of
PreSpt(C), then the induced map
(i; p) : hom(L+; X )! hom(K+; X )hom(K+ ;Y ) hom(L+; Y )
is a stable bration, which is trivial if i is a weak equivalence or p is a stable equiv-
alence. This is on account of the corresponding statement for presheaves of spectra,
and implies the simplicial model axiom SM7 for PreSpt(C).
Stable weak equivalences are closed under pushout along stable cobrations. To see
this, apply the functors hom( ; W ) corresponding to stably brant injective objects W ,
and use the fact that all stable cobrations are level cobrations, along with properness
for simplicial sets. This technique makes sense, in view of the simplicial model structure
given in Theorem 2.
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To see that stable weak equivalences are preserved by pullback along stable bra-
tions, consider a pullback square
where p2 is a stable bration (hence, so is p1) and g is a stable weak equivalence.
The brations p1 and p2 have a common bre F , and there is a commutative diagram
in which Xi=F denotes the homotopy cobre of the map F!Xi, so that the vertical
maps induce stable equivalences of presheaves of spectra by Lemma 10. Apply the
functor hom( ; W ) as above to the diagram of cobre sequences
The resulting comparison diagram of bre sequences shows that the induced map
hom(X2; W )
g! hom(X1; W )
is a weak equivalence. To see this, note that there is a levelwise equivalence
E!
2E[2] of stably brant injective objects, so that g is a map of H -spaces which
induces an isomorphism of abelian groups in i for i 0.
Theorem 13. Suppose that C is an arbitrary small Grothendieck site. Then the func-
tors
U : PreSpt(C)$ PreSpt(C) : V
induce an adjoint equivalence of homotopy categories
Ho(PreSpt(C)) ’ Ho(PreSpt(C)):
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Proof. Following [4], we have to show only that the composite map
X
!UVX Ui!USVX
is a stable equivalence of presheaves of spectra for any cobrant presheaf of spectra
X and any choice of stably brant model i : VX ! SVX for VX .
All sections X (U ) of X are cobrant spectra, so that the (pointwise) stably brant
model construction i1 : Z!Zs for ordinary symmetric spectra induces a composite
X
!UVX Ui1−!U (VX )s
which is a stable equivalence in all sections. Let j : (VX )s! I(VX )s be a map which
is a level cobration and a level weak equivalence, such that I(VX )s is injective. Then
I(VX )s is stably brant since U (VX )s is an 
-spectrum in sections, and the composite
X
−!UVX Ui1−!U (VX )s Uj−!UI(VX )s
is a stable equivalence.
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